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BERNOULLI  ENTHALPY 

A FUNDAMENTAL  CONCEPT  IN  THE  THEORY  OF  SOUND 


i 


John  E.  Yates  and  Guido  Sandri 
Aeronautical  Research  Associates  of  Princeton,  Inc. 
50  Washington  Road,  Princeton,  New  Jersey  085^0 


Abstract 

A general  theory  of  aerodynamic  sound 
is  developed.  The  basic  equations  of  fluid 
mechanics  are  expressed  in  terms  of  veloci- 
ty, enthalpy  and  entropy,  and  the  velocity 
field  is  separated  into  irrotational  and 
rotational  parts  with  the  latter  being  in- 
compressible. By  analogy  with  the  de- 
scription of  sound  in  a homentropic- 
irrotational  flow,  the  radiative  part  of 
the  sound  field  is  characterized  by  the 
velocity  potential,  <P  . A fundamental  new 
concept,  Bernoulli  enthalpy , 'j-l  , is  intro- 
duced, again  by  analogy  with  homentropic- 
irrotational  flow.  It  Is  shown  that  the 
"source"  of  the  radiative  sound  field  Is 
the  substantive  rate  of  change  of  the 
Bernoulli  enthalpy.  The  detailed  kinematic 
and  thermodynamic  mechanisms  of  sound  pro- 
duction and  Interaction  are  ultimately  con- 
tained in  the  source  of  the  Bernoulli 
field.  The  latter  satisfies  a Poisson 
equation  subject  to  the  boundary  condition 
that  the  field  acquires  appropriate  con- 
stant value(s)  when  the  vorticity  and  the 
entropy  gradient  vanish.  Two  basic  con- 
ceptual issues  of  the  modern  theory  of 
sound  are  resolved.  First,  the  radiative 
sound  is  clearly  separated  from  the  source 
of  sound  with  each  part  characterized  by 
its  own  scalar  field.  Second,  the  Bernoulli 
source  of  sound  is  compact;  i.e.,  it  Is 
confined  to  the  region  of  rotational  non- 
homentropic  flow.  The  near  field  sound 
pressure  is  in  general  a nonlinear  function 
of  the  0 and  //  fields  and  is  not 
separable  except  in  the  linear  case. 

A detailed  discussion  and  interpre- 
tation of  the  general  theory  is  given  with 
emphasis  on  the  production  of  sound  by 
turbulent  flows.  It  is  found  that  an  im- 
portant dipole  source  of  the  Bernoulli 
field  can  result  by  passing  turbulence 
through  a highly  curved  potential  flow. 

The  dominant  source  of  Bernoulli  enthalpy 
In  low-speed  noncurved  flows  is  the  classic 
Lighthill  quadrupole  (1,2,3). 

An  analogy  between  the  present  theory 
and  the  pseudosound  concept  of  Ribner  (A) 
is  given.  The  <?/  field  is  analogous  to 
Ribner's  pseudosound,  while  his  acoustic 
field  is  defined  in  terms  of  our  velocity 
potential,  0 . The  experimentalist  is 
challenged  to  measure  the  two  parts  of  the 
pressure  by  measuring  the  separate  ro- 
tational and  irrotational  components  of  the 
velocity  field. 

The  linear  problem  of  sound  inter- 
acting with  a mean  shear  flow  is  formulated 
with  the  new  theory.  It  is  compared 


briefly  with  the  formulation  of  the  same 
problem  based  on  the  Landahl-Lilley 
equation  (5).  It  is  shown  that  the  inter- 
pretation of  the  basic  equations  in  terms 
of  acoustic  and  vortical  modes  (in  the 
homentropic  case)  can  lead  to  a linear 
coupling  between  the  sound  and  vortical 
flow.  This  mechanism  is  eliminated  in  the 
third-order  Landahl-Lilley  formulation  where 
the  acoustic  and  vortical  modes  are  coupled 
into  a single  pressure  variable  that  is 
termed  acoustic. 

A numerical  example  of  the  interactive 
Bernoulli  field  is  given  for  the  case  of  a 
plane  wave  impinging  on  a Gaussian  plane 
jet.  At  small  incidence  angles  to  the  jet 
axis , the  Bernoulli  source  has  the  appear- 
ance of  a dipole  while  at  large  angles  it 
has  the  appearance  of  a monopole. 


I.  Introduction 

Since  the  pioneering  theoretical 
foundation  of  Lighthill  (1,2,3),  there  have 
been  many  contributions  to  the  modern  theory 
of  aerodynamic  sound.  Much  of  the  work 
immediately  following  the  classic  Lighthill 
papers  was  aimed  at  refinements  and/or  ex- 
tensions of  his  basic  theory  (e.g.,  6,7) 
while  others,  including  Lighthill  himself, 
attempted  direct  application  of  the  theory 
to  the  problem  of  estimating  noise  (8).  It 
is  not  our  intent  here  to  give  an  extensive 
review  of  historical  developments.  Rather 
we  focus  on  a few  of  the  fundamental  efforts 
that  have  attempted  to  clarify  the  basic 
conceptual  issues  in  the  theory  of  sound. 

In  particular,  we  confine  our  remarks  to  the 
work  of  Lighthill  (1,2, 3, 8),  Ribner  (A), 

Crow  (9),  Lilley  (5)  and  Doak  (10). 

A basic  conceptual  problem  with  all  of 
the  modern  sound  theories  is  that  no  clear 
cut  distinction  has  been  made  between  radi- 
ative sound  and  sound  source  in  the  near 
field.  Considerable  discussion  has  evolved 
around  the  Lighthill  "source."  It  is  well 
known  that  all  convective  and  refractive 
effects  are  disguised  in  the  "source"  while 
the  radiative  field  is  governed  by  the 
linear  wave  operator  for  a stationary 
medium.  For  this  reason  the  basic  Lighthill 
theory  has  been  termed  the  "acoustic 
analogy."  The  equation  Is  "exact"  but  the 
approximations  and  interpretations  of  it 
are  not . 

Ribner  (A)  made  an  attempt  to  separate 
"radiative"  from  "source"  sound  when  he 
introduced  the  concept  of  pseudosound.  By 
separating  the  pressure  into  two  parts  and 
postulating  a Poisson  equation  for  the  near 
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field  (pseudosound),  he  was  able  to  derive 
a wave  equation  for  the  radiative  part  with 
the  near  field  as  source.  This  is  closer 
to  the  "truth,"  as  we  see  it,  than  any 
theory  on  the  market.  However,  it  is  not 
appealing  from  the  point  of  view  that  we 
would  like  to  derive  our  field  equations 
from  fundamentals.  One  cannot  be  quite 
sure  that  the  postulated  pseudosound  is  the 
pressure  that  would  actually  be  measured  in 
the  near  field.  Also,  there  is  some 
question  about  the  compactness  of  the 
pseudosound  field  (see  below). 

More  recently,  Lilley  (5),  following 
the  approach  of  Phillips  (11)  and  Landahl 

(12) ,  has  developed  a single  third-order 
equation  for  the  pressure  fluctuation.  It 
presumably  contains  all  convective  and  re- 
fractive effects  on  the  left-hand  side  and 
all  quadratic  "source"  terms  due  to  turbu- 
lence and  mean  shear  on  the  right-hand  side. 
Our  objection  is  that  the  equation  mixes 
the  acoustic  mode  with  the  vorticity  mode 

(13) .  It  does  not  really  Isolate  the  source 
of  the  radiative  part  of  the  acoustic  field. 
The  conclusion  based  on  the  Landahl-Lilley 
equation  (5,10)  that  there  can  be  no  linear 
coupling  between  the  acoustic  pressure  field 
and  the  turbulence  Is  a direct  result  of  the 
choice  of  dependent  variable  (in  this  case, 
pressure).  The  very  mechanism  whereby 
linear  coupling  can  occur  Is  buried  In  the 
left-hand  side  of  the  equation.  In  the 
present  work  we  show  that  the  acoustic  mode 
can  interact  linearly  wi<th  the  mean  shear 
flow  and  perturbation  vorticity  to  produce 
radiative  sound. 

The  more  recent  momentum  potential 
approach  of  Doak  (10)  seems  to  further  con- 
fuse the  Issue  of  "source"  Identification. 
Using  the  Helmholtz  decomposition  of  the 
momentum  flux,  Doak  derives  a fourth-order 
equation  for  the  momentum  flux  potential 
with  the  solenoidal  part  appearing  on  the 
right-hand  side.  He  submits  that  the  ro- 
tational-solenoidal  part  can  be  identified 
as  the  rotational  part  of  the  turbulent 
field  and,  hence,  part  of  the  "source." 

The  most  obvious  objection  to  this  approach 
is  that  the  momentum  flux  can  be  rotational 
even  though  the  velocity  field  is  irro- 
tational.  Thus,  via  Doak's  method,  the 
description  of  sound  in  a compressible  but 
otherwise  homent roplc- i rrotat ional  flow 
would  require  both  a scalar  potential  and 
vector  field.  Furthermore,  the  theory  would 
indicate  that  the  vector  field  acts  as  a 
"source"  for  the  momentum  potential.  This 
state  of  affairs  is  totally  unacceptable  ir. 
a region  where  there  can  be  no  aerodynamic 
sources  of  sound. 

Another  conceptual  problem,  with  modern 
sound  theories  is  that  the  various  "sources" 
that  have  been  proposed  are  not  compact ; 
i.e.,  confined  to  the  region  of  rotational 
nonhoment roplc  flow.  This  has  not  been  a 
serious  practical  problem  since  one  can 
usually  resort  to  asymptotic  analysis  to 
localize  the  "source"  in  the  region  of  turbu- 
lent flow.  However,  the  issue  has  been  dis- 
cussed in  several  of  the  fundamental  papers 


with  a great  deal  of  mutual  criticism. 
Lighthill  (8,  Appendix  B)  attacked  Ribner 
for  using  a noncompact  source,  while  Crow 
(9)  criticized  both  theories  for  having  non- 
compact  sources  apparently  giving  Ribner 
the  edge  for  being  the  least  compact.  He 
uses  the  machinery  of  singular  perturbation 
theory  in  an  effort  to  derive  the  conditions 
under  which  one  can  use  the  Lighthill  source. 
All  of  the  early  discussions  of  this  issue 
point  to  the  need  of  a theory  with  a true 
compact  source  of  radiative  sound. 

Crow  (9)  made  a modest  attempt  to  con- 
struct such  a theory.  He  used  the  familiar 
Helmholtz  decomposition  of  the  velocity 
field  In  terns  of  irrotational  and  sole- 
noidal parts.  He  also  wrote  down  an  en- 
thalpy expression,  H , that  is  close  to 
the  Bernoulli  enthalpy  introduced  in  the 
present  work.  He  was  not  successful,  how- 
ever, in  isolating  the  acoustic  from  the 
source  field  except  for  the  linear  case. 

Also,  he  did  not  seer  to  recognize  the 
essential  compact  nature  of  the  H field. 

In  the  present  work  we  develop  a 
general  theory  of  sound  in  which  the  radi- 
ative and  source  fields  are  clearly  sepa- 
rated ar.d  in  which  the  source  is  compact. 

The  point  of  departure  is  analogous  to  that 
■'  )row  ('■-).  The  two  basic  differences  are 
in  the  choice  of  boundary  conditions  for 
the  Helmholtz  decomposition  of  the  velocity 
field  and  the  definition  of  the  compact 
Bernoulli  enthalpy  field.  An  essential 
theme  of  the  present  work  is  that  two  scalar 
fields  are  necessary  to  describe  the  pro- 
cesses of  radiation  and  production  of  sound 
without  ambiguity. 


II.  The  General  Theory  cr  founq 
Basic  Equations 

Consider  the  equations  of  motion  for  a 
viscous  heat  conducting  gas.  We  choose  the 
enthalpy  h and  entropy  s to  be  the  pri- 
mary thermodynamic  variables.  The  conti- 
nuity, momentum  and  energy  equations  are: 

^ + a"  div  v = £(♦  - 0)  U.l) 

+ grad  h = T mrad  s + I 

Dt  P 

(2.2) 

8l  = k*  - 6)  ( 2 '.  3) 

Ut  0 1 

where 

if  = t : grad  v viscous  dissipation 
Q = dlv  q - bulk  heat  addition 
q = heat  flux  vector 
t = viscous  stress  tensor 

(2.H) 
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Also,  p and  T are  the  density  and 
temperature , respectively,  with 


Y 


iL 

3s  o 


and 


iE. 

3p  s 
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The  pressure  is  a function  of  h and  s , 
through  the  equation  of  state 


P = p(h,s) 


We  consider  the  flow  situation  shown 
in  Fir.  1.  Imagine  the  flow  to  te  separated 
into  regions  Hi  , H*  and  1 1 s irfa 

Sj  ana  S2  . If  the  region  F is,  roughly 
axisymmetric , Hi  ar.d  H2  constitute  a 
single  region  K . In  regions  Hi  and  K2 
the  flow  is  assured  to  be  ir.viscid,  hor.er.- 
troplc  ar.d  irrotatior.nl.  The  region  l Is 
a turbulent  shear  flow  ir.  which  there  can 
be  strong  entropy  fluctuations  and  vis- 
cosity and  heat  conduc* ion  need  not  t e 
negligible  effects.  First,  we  review  thi 
situation  in  the  regior.  Ki  (or  ::2' 
and  then  nroceed  to  the  analysis  of  region 
R . 


lionentrcpi  c-Irrr~  t at  1 or:a  i Fj-v; 

The  regi  an  H i (or  H2 ) is  quite 
familiar  to  the  unsteady  aerodynai  lclst  r.d 
is  described  by  the  following  equatl  >ns : 


W ith  this  imj  rtant  • t , Immedi- 

ately write  : v.t.  t he  nor.l  ••  convective 
wave  equation  f r t : i.e., 


)_ 

r - 


.1! 


a no  the  r re  s s u re  i .■  r 1 v>  • r h v t h *-•*  s t a t e 
equation 


(h' 


+ 


f£  - - • ' : ) .16) 


In  regior.  !' j r ; < i ; he  rropagati-r 

of  sound  Is  ’ r.pl-'telv  chore  cterise  i bv  the 
single  quasi-lines  tion  fo:  : , 

. ’ . There  are  r • ric 

f s In  th<  • r.entroni  iri  1 tl 

region.  Sound  cat  n i ■ ■ 

r 1 1 f an  emb<  nste;  iv  surfa  ■ 

the  flow . Ml  ft  • ■ ■ suits 

known  and  form  th  > rrers*  >f  nil  un- 
steady [ tentii  ■ natic  i 


Several  other  reir.tr  "it  to  ■ ■■  f 
t n nt ropic  * • . . First  i 
fiel  in  i rioi  I;  - ■ ■ ■ ■ • rmin 

f roi  i ■ ■ | | ■ . . ■ ■ ■ 

n the  1 jndi  i ■ " 

, fact  pointed 

Liepm.am  ) . ■ t endpoint. , 

thl  5ui  fa  :e  can  1 • the  i 

• l e t , , ■ ■ ■ 

what  . i u a r.  t i 1 1 ( 

irfi  ' ■ thi  "in  ' ■ • ■ . 


Dh 

Dt 


i . . , . . . , , , 

fr—  + a d i v 


3v 

3-. 


trad  '.t  + h)  = 0 


s» 

p(h) 


. . i 


at  , the  :al  und  spe<  • Is  fui  1 1 i 
h only,  since  the  flow  Is  trr  tati  nal, 
there  exists  a velocity  potential  i>  ■■  u c ! , 
that 

v = grad  ♦ .11) 

The  continuity  ar.d  moment  ur.  e p.at  ionr.  t*-o  re 

— + a^v‘  o * (.  . : 


/.,  ro'1  ~n  ■ 5 ■ * * . * • * ; . • 

Is  that  ps  • nsil 

t , Ii  , r.ient 

inr  vlto  the  ^ ’,rt ! ’ ! ‘ \ ■ ■ 1 : . ” * . • ' • • • . * • • 

• 

frr  $ in  terms  ° ? '.•*.*  n * ; ’ <?  t . r '/ 

ur.lesr  the  f* * < . i ; . • . • . . ! r.*  M * * • ■ 

I sent ly  Is 

• ' • lr  1 lit  int 

.....  | 

v t v . 

■ r . • 11  / , v.  e : ' : . r . * 4 • 4 * • ‘ - • * - 

■ 

: . potent 

Plow  as  well  ns  the  unsteady  ne.^r  and  ‘"nr 

*■*..'  j --  »>g»  •>  , o.  . , , • V , , . * •.  ■ • . * * l 

tropic-irrotati 


and 

. . (,  . |i  * iEl  LUi)  . 

bj  t ii  parentheses  it 
spatial  constant  within  Hi  -'or  H,  . Ve 
car.  further  argue  fr  tr  boundary  ■ -r.dlt  i or.r 
at  ® that  it  is  also  independent  - f tire. 
To  the  unsteady  aerodynar.i  ' -t  this  -t 

is  known  as  the  Bernoulli  r.  rtant ; 

h + n + flrr;»d  «l  = + ~ ='  , 

C . . 1 h ) 


c*  * * ’ * fg***..*  • ’ . ’ •*  • • 

• • ' • • ■ ' • 
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* ' • 
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the  well-known  Helmholtz  decomposition  of 
an  arbitrary  vector  field  into  irrotational 
and  rotational  components  (16).  We  let 

v = grad  <(>  + u (2.17) 

where  has  the  same  meaning  as  it  did  ^ 
for  homentropic-irrotational  flow.  The  u 
field  is  incompressible;  i.e., 

div  u = 0 (2.18) 

Furthermore,  we  demand  ^s  a boundary  con- 
dition that  the  field  u be  zero  if  and 
only  if  the  vorticity  vanishes;  i.e.,  if 

3 = curl  v = curl  u (2.19) 

then 

3 = 0 if  and  only  if  u = 0 . (2.20) 

The  important  point  about  the  decomposition 
(2.17)  is  that  the  velocity  field  is  being 
separated  into  rotational  and  irrotational 
parts.  The  fact  that  is  incompressible 

does  not  imply  that  part  of  the  potential 
field  cannot  also  be  incompressible. 

Substitute  (2.17)  into  the  continuity 
and  momentum  equations.  We  get 

§£  + a 2V2$  = *($  - <5)  (2.21) 

and 

grad  (h  + + ±|grad  <t>  | 2 ) 

= v x iio  - grad(u  • grad  $ + u^/2)  - 

+ T grad  s + d1^  -T-  (2.22) 

If  we  compare  the  last  equation  with  the 
corresponding  result  in  a homentropic- 
irrotational  region  (see  (2.13)),  we  can 
interpret  (2.22)  as  saying  that  the 
Bernoulli  constant  is  no  longer  a constant. 
Thus,  we  define  the  fundamental  unsteady 
enthalpy  variable 

4i  = h + grad  d>|2  (2.23) 

In  regions  Hi  and  H2  , this  enthalpy  is 
constant  and  equal  to  the  appropriate  value 
of  the  Bernoulli  constant  at  infinity.  In 
region  R , is  a basic  variable  and  is 
invaluable  for  the  description  of  the 
source  of  sound.  In  the  remainder  of  this 
work  we  shall  refer  to  H as  the  Bernoull 1 
enthalpy ■ 

With  the  definition  (2.23),  we  can 
interpret  (2.22)  as  an  equation  for  the 
Bernoulli  enthalpy.  The  integraMlity  con- 
dition for  (2,22)  la  that  the  curl  the 
right-hand  side  must  vanish.  This  leads  1 
the  vorticity  transport  equation: 


_-e  ^ q 

^ = 3 • grad  u + 3 • grad(grad  <f> ) - uV  $ 

+ grad  T x grad  s + curl  (^p  Tj 

(2.2k) 

The  Bernoulli  enthalpy  satisfies  a Poisson 
equation  obtained  by  taking  the  divergence 
of  (2.22).  After  some  manipulation  of  terms 
on  the  right-hand  side,  the  resulting 
equation  is 


2 i 1 
V2*  = - 3 uV 


(U' 


3xd3x^  9x±dx‘J  ' 3xJ 


— ^-r)  + div(T  grad  s)  + div 
ax^Sx1  3x  y 


(H1) 

(2.25) 


We  obtain  the  fundamental  equation  for 
the  potential  field  in  region  R by  sub- 
stituting h from  (2.23)  into  the  continuity 
equation  (2.21).  We  get 

5t  (ft  + f|prad  *l‘)  * aV*  - 5F-  £<*-*> 

(2.26) 


Finally,  the  pressure  is  obtained  by  sub- 
stituting h into  the  state  equation  (2.6); 

i.e., 


P = P 


(-  j!  - -|  Frad  ♦ I " + ^ > s) 

(2.27) 


The  basic  theoretical  development  is  com- 
plete. We  summarize  be^ow  the  set  of 
equations  for  $ , .ft  , w , s and  the 
pressure  p : 

The  Sound  Eauations 


D_/3£  1 grad  <t>  ] ' i _ 2?  = DfV  Y 

Dt\3t  ) ' Dt  p 
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V2<ft  = _ 8 u u 


3X1  3x' 
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- ^t)  + div(T  grad  j + I i v ( : 
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III.  Discussion  and  Interpretation 

The  conceptual  beauty  of  the  sound 
equations  (2.28)  is  perhaps  not  immediately 
evident.  Here  we  discuss  these  equations 
in  the  light  of  certain  self-evident  truths 
and  deductions  based  on  previous  models  and 
studies  of  the  aerodynamic  sound  problem. 

First,  we  point  out  the  obvious  fact 
that  the  sound  equations  are  exact.  We 
have  chosen  a "natural"  set  of  variables 
for  the  description  of  sound  and  have  re- 
written the  fluid  equations  of  rr  tion  in 
terms  of  those  variables.  No  "model"  of 
the  sound  problem  is  being  proposed. 

Bernoulli  Enthalpy  as  the  Source  of  Sound 

There  are  two  essential  variables  re- 
quired for  the  description  of  sound  in  a 
rotational  flow;  namely,  the  velocity 
potential  $ and  the  Bernoulli  enthalpy 

• Only  $ is  a true  "acoustic"  variable 
in  the  sense  that  it  satisfies  a wave 
equation  capable  of  radiating  sound  energy 
to  the  far  field.  The  "source"  of  the 
radiative  sound  field  following  a fluid 
element  is  the  substantive  rate  if  charge 
of  the  Bernoulli  enthalpy.  Locally,  the 
sound  field  (pressure ) is  a nonlinear 
function  of  the  radiative  4>  part  and  a 
second  part  due  to  the  Bernoulli  enthalpy. 

In  the  linear  case,  these  two  parts  of  the 
pressure  field  are  additive  via  the  state 
equation.  The  second  part  of  the  linearized 
pressure  is  directly  proportional  to  the 
Bernoulli  enthalpy.  A direct  analogy  can 
be  made  between  this  "Bernoulli  pressure" 
field  and  the  concept  of  pseudosound  (see 
below) . 

Our  fundamental  acoustic  equation  also 
shows  that  viscous  dissipation  and  heat 
conduction  (or  bulk  heat  addition)  are  also 
direct  sources  (or  sinks)  of  sound.  For 
turbulent  flows  at  moderate  temperatures, 
the  thermal  source  term  should  indeed  be 
negligible.  Lilley  (5,  Ref.  13  quoted 
therein)  has  argued  that  since  turbulent 
dissipation  is  balanced  by  production  and 
convective  terms  in  a turbulent  flow,  it 
could  be  an  important  source  o"  sound.  At 
high  wave  numbers,  on  the  scale  of  the 
viscous  dissipation,  this  is  most  likely 
true.  In  fact,  the  entire  right-hand  side 
of  our  acoustic  equation  should  vanish  at 
high  wave  numbers  and  provide  a high  fre- 
juei  . :ut  f f f thi  radiati ve  field.  1 w- 
ever,  over  a large  part  of  the  turbulent 
energy  bearing  spectrum  the  fluctuating 
Bernoulli  enthalpy  field  should  dominate  as 
1 rimary  urce  of  sound.  From  another 
point  of  view,  the  dissipative  source  term 
in  the  acoustic  equation  Is  precisely  the 
source  of  entropy.  It  is  generally  be- 
lieved that  except  for  very  hot  or  very 
high  Mach  number  turbulent  flows  that  en- 
tropy is  essentially  constant  along  particle 
| Lti  !.  fhi  : • •'  re,  • he  assumpt  ion  of  local 
isentropic  "low  Is  consistent  with  the 
notion  of  neglecting  the  dissipative  sound 
source  in  the  acoustic  equation.  We  remark 


that  these  arguments  should  be  valid  even 
for  Mach  numbers  well  into  the  supersonic 
range . 

An  important  feature  of  the  sound 
equations  is  that  the  "Bernoulli  source" 
of  the  radiative  <t>  field  is  compact;  i.e.. 
It  is  confined  to  the  rotational  turbulent 
flow  regime.*  The  Bernoulli  enthalpy  field 
must  acquire  an  appropriate  constant  value 
on  the  dividing  boundaries  Sj  between 
regions  R and  . From  a practical 

standpoint,  it  may  be  necessary  to  invoke 
this  condition  via  asymptotic  analysis. 
However,  variations  of  the  field  must 
not  be  permitted  to  permeate  the  homen- 
tropic  region.  In  other  words,  the 
field  must  reach  a constant  value  on 
roughly  the  same  scale  as  the  vorticity  or 
the  entropy  gradient  at  the  boundary  of  a 
turbulent  flow  field.  Crow  (9)  addressed 
this  point  in  his  critique  of  the  Lighthill 
theory.  It  is  unfortunate  that  Crow  did 
not  seem  to  recognize  the  compact  property 
of  the  Bernoulli  variable  H that  he 
introduced  (see  Section  5 of  Ref.  9).  A 
basic  point  of  his  work  is  that  the  Light- 
hill  source  term  is  not  rigorously  compact 
in  the  sense  used  here.  Crow  was  able  to 
show  by  asymptotic  arguments,  however,  that 
one  may  consider  the  source  to  be  es- 
sentially the  local  turbulent  flow  if  the 
wave  length  is  sufficiently  large  compared 
to  the  geometric  extent  of  the  turbulent 
region.  Asymptotic  arguments  are  not 
needed  to  argue  the  compactness  of  the 
source  if  the  essential  role  of  Bernoulli 
enthalpy  as  the  source  field  is  recognized. 

The  Source  of  Bernoulli  Enthalpy 

The  Bernoulli  enthalpy  satisfies  a 
Foisson  equation  (see  (2.28))  subject  to 
the  boundary  condition,  ~fi  = constant  , on 
the  bounding  surface  of  the  rotational- 
turbulent  flow.  We  interpret  the  right- 
hand  side  of  the  Poisson  equation,  presumed 
to  be  given,  as  the  "source"  of  Bernoulli 
enthalpy  and  ultimately  of  the  radiative 
sound  field.  For  the  sound  production 
problem,  the  only  equations  needed  in 
(2 .28)  are  these  for  $ , 'fl  and  the 
pressure  p . The  vorticity  transport  and 
entropy  equations  are,  in  general.  Im- 
portant only  for  maintaining  the  basic 
turbulent  flow.  An  Implicit  assumption  is, 
of  course,  that  the  turbulent  flow  is  more 
or  less  passive  to  the  generated  sound 
field.  The  intense  sound  problem  would 
require  a knowledge  of  the  potential  vortex 
and  entropy  Interaction. 

The  source  terms  in  the  Bernoulli  en- 
thalpy equation  are  arranged  ir.  "approximate" 
order  of  Increasing  importance  as  we  mo 
froi  speed  to  high  speed  flows.  We  use 

the  term  approximate  because  flow  speed  is 
not  the  only  consideration  in  ordering  the 


The  dissipative  and  h°at  sources  are  not 
rigorously  compact.  In  fact,  they  are 
the  terms  that  ultimately  lead  to 
dissipation  of  the  far  field. 
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source  terms.  For  smooth  low  speed  flows 
at  ambient  temperature,  the  dominant  source 
term  is  the  rotational-incompressible 
quadrupole : 

3x  3xJ 


dipole  source  term  is  at  least  comparable  to 
(if  not  larger  than)  the  two  quadrupoles  in 
the  flow  around  sharp  corners.  The  ad- 
ditiona.  radiative  efficiency  of  the  dipole 
could  then  lead  to  the  complete  dominance 
of  this  turbulence/potential  flow  inter- 
action term  in  the  far  field. 


By  now  we  might  call  this  the  classic  Light- 
hill  quadrupole,  it  having  first  been 
pointed  out  by  Lighthill  nearly  25  years 
ago.  A subtle  difference  between  the 
source  term  (3-1)  and  the  Lighthill  source 
is  the  absence  of  density  and  hence  the 
interpretation  of  the  source  as  a stress. 
Here,  the  source  is  an  energy  density  or 
pure  kinematic  quantity  that  produces  the 
Bernoulli  enthalpy  field.  The  mechanism 
whereby  the  quadrupole  Bernoulli  source 
produces  a radiating  quadrupole  sound  field 
is  also  slightly  more  subtle  than  in  the 
acoustic  analogy  of  Lighthill.  It  is,  in 
fact,  more  closely  akin  to  the  pseudosound 
concept  of  Ribner  (see  below).  A key  point 
is  that  the  immediate  near-field  of  a fluid 
element  has  the  quadrupole  character  (3.1) 
independent  of  far-field  arguments. 

We  must  emphasize  the  fact  that  the 
H fi  eld  only  has  quadrupole  or  dipole 
character  in  a local  sense.  It  is  a true 
source  with  no  far  field.  However,  the 
substantive  derivative  of  the  local  source 
field  will  produce  a radiative  field  of  the 
same  order  plus  a higher  order  pole  due  to 
the  convective  derivative.  This  distinction 
in  multipole  terminology  must  be  remembered 
when  referring  to  the  source  and  radiative 
fields . 

The  second  and  third  terms  on  the 
right-hand  side  of  the  Bernoulli  enthalpy 
equation  are,  respectively,  quadrupole  and 
dipole  in  character: 

7ab(“J“r)  quadrupole  (3-2) 
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The  last  two  terms  in  the  Bernoulli 
enthalpy  equation  are  also  dipole  sources: 

div  (T  grad  s)  (3. IT 


The  first  term  (3.4)  is  due  to  entropy 
gradients  and/or  fluctuations,  while  the 
second  term  (3.5)  is  due  to  fluctuating 
viscous  stresses.  Either  high  Mach  number 
or  some  strong  source  of  heating  or  cooling 
is  necessary  before  the  first  term  becomes 
of  any  consequence  in  the  production  of 
sound.  We  note,  however,  the  clean  sepa- 
ration of  the  entropy  source  t’rom  the  basic 
kinematic  sources  in  the  present  formu- 
lation. Fluctuating  viscous  shear  stresses 
are  known  to  be  inefficient  sound  producers 
so  that  the  last  term,  ( • . : ),  is  general 
negligible.  The  flow  around  sharp  ■ rn< 
may  be  an  exception. 

The  Pseudosound  Analogy  - An  Experimental 
Fhal lenge 

In  his  19 64  opus  on  the  generation  of 
sound  by  turbulent  jets,  Ribner  (it)  con- 
cisely summarizes  his  concept  of  a pseudo- 
sound near  field  and  how  it  generates  an 
acoustic  far  field.  A direct  analogy 
made  with  the  present  study. 

To  simplify  the  presentation , and 
following  Ribner,  we  consider  the  linear 
isentropic  version  of  the  basic  equations 
(2.28)  for  <j>  , and  the  j ressure  i ; 

i.e.  . 

3^ 
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These  source  terms  result  fron  the  inter- 
action of  the  potential  flow  with  the 
rotational  flow.  In  at  least  two  important 
cases,  these  terms  could  become  more  im- 
portant than  the  basic  incompressible 
quadrupole.  First,  if  the  fl dw  t ec >m< s 
highly  compressible,  the  potential  flow 
field  can  become  as  significant  as  the  ro- 
tational-incompressible field.  Fecond,  if 
the  potential  flow  is  highly  curved  as  in 
the  flow  over  abrupt  geometri  • ang<  s, 
there  could  be  an  intense  dipole  source  via 
(3-3)  as  turbulence  is  convected  through 
the  curved  region. 

From  a practical  standpoint,  the 
second  case  is  probably  much  nore  signifl- 
• • . the  first,  i:.  fact , it  could 
well  be  the  explanation  of  the  intense 

tnd  fit  mitted  froi  wi  ■ : , or  a 

Jet  lmplngli  ■ . 1 t surf  :e . We  :an 

easily  argue  that  the  magnitude  of  the 
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We  identify  or,4f  as  th<  ps<  . n I fi< 
p1'"'  and  - P as  the  ■ ustic  fie'.  , 

( 1 ) o 

p of  Ribner.  N w perati  n the 

acoustic  equation  (3*6)  with  - P jr 
get 


3V1  > 


W1J  = - 


and  from  (3.7)  we  ret 

vV°>  = . 


Equation  (3.9)  is  Ribner's  "Dilatation 
Equation"  and  (3-10)  is  his  "pseudosound 
equation,"  thus  completing  the  analogy. 

The  separation  of  the  pressure  into  a 
near  field  and  far  field  and  postulation  of 
a Poisson  equation  for  the  near  field  is  a 
simple  and  perhaps  useful  intuitive  concept. 
We  feel,  however,  that  the  natural  sepa- 
ration of  the  pressure  field  that  results 
from  the  dichotomy  of  the  velocity  field  is 
conceptually  more  attractive,  and  theoreti- 
cally more  sound.  It  is  not  clear  that 
Ribner's  postulated  pseudosound  p(°)  or 
the  Bernoulli  field  ft  for  that  matter  is 
one  and  the  same  as  the  near- field  pressure 
given  by  the  equation  of  state.  The  local 
acoustic  pressure  could  well  be  the  same 
order  of  magnitude  as  the  Bernoulli 
pressure.  Another  objection  to  the  pseudo- 
sound concept  is  that  one  cannot  argue  that 
the  p(°)  field  is  rigorously  compact  like 
the  ft  field. 

The  real  challenge  it  seems  is  to  de- 
vise an  experiment  whereby  the  two  parts 
of  the  pressure  field  can  be  inferred.  If 
either  the  rotational  or  the  irrotational 
velocity  field  can  be  measured,  then  we 
can  make  a clean  separation  of  the  pressure 
with  the  present  theory,  at  least  if  the 
rotational  flow  is  homentropic.  From  the 
state  equation  (see  the  last  of  equation 
(2.28)),  the  pressure  and  the  irrotational 
velocity  field  are  sufficient  to  infer  the 
Bernoulli  enthalpy  field.  Also,  it  follows 
from  (2.23)  that  a direct  measurement  of 
the  perturbation  enthalpy  (or  pressure  in 
the  homentropic  case)  and  irrotational 
velocity  field  is  sufficient  to  determine 
ft  and,  hence,  the  source  of  sound, 
ask  the  experimentalist:  how  do  you  measure 
the  irrotational  or  rotational  ■viocity 
field! 

A Synopsis  of  the  General  Theory  - 
Summary  Remarks 

The  simplicity  of  the  theory  of  sound 
prep  sed  herein  Is  a consequence  of  a few 
ve ry  basic  toncepts , som<  f which  ai 
ki  . ■ . ■':*.■•,  w<  have  rec  . • . ' ■ rather 

recalled)  the  stark  simplicity  of  the 

ripti  md  propagat i n,  including 

:t I v<  ■ f f<  ;ts  , ai  : the  absenci  f 
aer  -dynamic  sound  sources  in  a homentropic- 
iri  tat i ■ . . fl  w.  Ii  : s :haracterized  by 
s ini  le  scalar  field,  the  velocity  po- 
tential , : . Next , th  r<  is  th<  central 

i si  lmj  rtant  toneept  1 Bern  ill!  en- 
' ha  , perhaps  not  kt  wn. 

idea  follows  from  a basic  1 e fir e to  extend 
the  simple  description  of  sound  in  homen- 
t rop! c-irrot n t I onal  flow  to  a turbulent  gas 
f 1 w.  By  using  the  well-known  Helmholtz 
decomf  sit  1 n f the  vi *]  :ity  field , and 
the  fundamental  definition  of  Bernoulli  en- 
istic  r radiati v<  : i rt 
the  sound  field  separates  cleanly  fror  the 
field.  The  Bernoulli  enthalpy  tc- 
:omei  the  s li  irc<  f radiati  vi  s und , 
while  the  more  elementary  kinematic  and  en- 
tropy sources  are  those  that  generate  the 
Ben  . ' field,  fhus , th<  sen  till 


enthalpy  appears  as  a natural  "link"  between 
the  complicated  dynamics  of  a turbulent  flow 
and  the  relatively  simple  potential  acoustic 
field. 

The  primary  aim  of  the  present  work  has 
been  to  clarify  some  of  the  basic  conceptual 
problems  that  have  plagued  the  modern 
theories  of  sound  in  a real  turbulent  flow. 
Two  of  these  problems  have  been  resolved  in 
our  opinion.  First,  we  have  successfully 
isolated  the  radiative  and  source  components 
of  sound  in  the  near  field.  Second,  we 
have  rigorously  localized  the  "source"  of 
aerodynamic  sound,  and  without  the  aid  of 
asymptotic  analysis.  Finally,  we  have 
shown  that  "source  of  sound"  is  synonymous 
with  "source  of  Bernoulli  enthalpy."  The 
rotational  and  irrotational  kinematics  and 
the  thermodynamic  entropy  fluctuations  of  a 
turbulent  flow  each  produce  a Bernoulli  en- 
thalpy field  that  In  turn  : roduces  radiative 
sound.  The  process  of  vorticit.y  transport 
plays  a secondary  role  in  sour."1  rroduction 
as  long  as  the  basic  turbulent  flow  is 
passive  to  the  overall  sound  field. 

Vorticit.y  transport  is,  however,  an  im- 
portant element  of  the  sound  interaction 
problem  (see  below,  Section  IV). 

In  our  presentation  of  the  "general 
theory  of  sound"  we  have  stopped  short  of 
the  mark  - the  computational  problem  of 
sound  production  lies  ahead.  Wv  m •• 
out  the  necessary  statistical  analyses 
within  the  framework  of  our  new  theory  and 
couple  this  to  a "suitable"  model  of  turbu- 
lent flow.  The  successful  invariant  turbu- 
lent model  developed  by  Donalds  n,  el 
(17,16,19)  over  the  past  ten  years  should 
provide  the  basic  ingredients  to  calculate 
the  source  of  Bernoulli  enthalpy  and  ulti- 
ma tely  th<  radiativi  s md  field.  It  is 
hoped  that  realistic  calculations  of  sound 
production  can  to  made  ! • th<  near  fui  ire. 


In  the  previous  section  we  focuse  : ur 

JiscussioT  and  interpretati  n th< 
theory  primarily  n the  trot  . or  1 ir.d 
: • iucti  i by  a turbulent  flow, 
consider  the  somewhat  simpler  r r bier 
round  lnt  enact  I on  with  a mean  sh< ar 
The  computational  utility  of  the  Bert.  >ul  i *. 
field  toneept  should  become  apparent . 

r simpll  ity , we  tonsider  th<  pi  1 
of  t w -dimensi  nal  md  intei  tit  witl 
parallel  tw  -dimensi  nal  Jet  r ke. 
important  special  cases  of  the  "ree  sheet* 
layer  and  boundary  layer  require  a further 
nerali  ti  i f th<  analysi  givei  b< 
Suppose  'hat  th**  r otentlal  field  and  the 
incompressible  rotational  field  (assured  t 
be  homentroric)  are  perturbed  ty  the  it - 
pinginr  sound  field.  We  let 

4 = Tv„x  + 4*  ( Ai . 1 > 

4 4,, 

u * u + u 

u0  = Tu(y ) (t.  ) 


41  = h„  + — +<*/'  ^-3) 

where  W’  is  the  Bernoulli  enthalpy  defect 
and  u(y)  is  the  shear  defect  velocity; 
i.e.  ; 

u(y)  = U(y)  - (4.4) 

where  U(y)  is  the  total  mean  velocity 
profile,  and  v«,  is  the  constant  streaming 
velocity  at  °°  . Since  the  flow  is  two- 
dimensional,  it  is  convenient  to  introduce 
a stream  function  for  the  rotational  ve- 
locity field;  i.e. , 


V£i(,  = - oj'  (I1.6) 

where  oj'  is  the  single  component  of  the 
perturbation  vorticity.  We  emphasise  that 
ip  and  the  Bernoulli  enthalpy  defect,  h ' , 
must  vanish  when  m'  vanishes  (see  (2.20)). 
With  the  foregoing  definitions  it  is  a 
straightforward  task  to  derive  the  follow- 
ing interaction  equations: 
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where  we  have  dropped  the  prime  on  pertur- 
bation quantities.  The  pressure  is  given 
by  the  linear  relation 


P “ Poo  = “ p»  STt  + 


p 4*  (4.10) 


and  the  convective  derivatives  are, 
respectively , 
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flows,  we  note  that  the  last  term  in  each  of 
equations  (1.8)  and  (1.9)  is  an  crder  of 
magnitude  smaller  (with  respect  to  the  shear 
layer  thickness)  than  the  leading  terms. 

These  terms  represent  the  direct  interaction 
of  the  compressibility  of  the  sound  field 
with  the  mean  flow. 

The  simplicity  of  the  formulation  of 
sound-shear  interaction  presented  here  is 
evident.  It  is  a viable  alternative  to  the 
Landahl-Lilley  formulation  (5),  or  the  more 
recent  momentum  potential  theory  of  Doak 
(10).  We  point  out  that  Interpretation  of 
the  interaction  equations  we  have  derived  is 
somewhat  different  from  that  of  the  Landahl- 
Lilley  equation  (5,10).  In  the  latter 
equation,  the  "acoustic"  near  field  is  all 
assigned  to  the  pressure  and  a single  third- 
order  equation  Is  derived.  This  equation 
exhibits  no  linear  coupling  between  the 
pressure  and  any  other  perturbation  quantity 
for  a two-dimensional  parallel  shear  layer. 
Thus,  the  conclusion  is  made  that  the 
"acoustic"  mode  does  not  couple  to  any  other 
mode  (vorticity,  e.p.).  The  key  point  a: 
our  objection  to  the  conclusion  is  the 
choice  of  pressure  to  define  the  acoustic 
mode.  The  same  definition  of  acoustic  rode 
was  used  by  Chu  and  Kovasznay  (13),  although 
they  did  point  out  in  a footnote  that  a 
further  division  could  be  made  into  radiative 
and  nonradiative  parts.  Vie  submit  that  this 
separation  is  absolutely  essential  if  you 
want  to  calculate  the  source  of  sound  that 
can  be  radiated  tc  the  far  field.  Thus,  we 
define  if  to  be  the  true  "acoustic  mode" 
and  thereby  obtain  a linear  coupling  (via 
the  mean  shear  and  curvature)  with  the 
vortical  mode.  The  Bernoulli  enthalpy 
not  introduce  any  new  mode,  but  greatly 
simplifies  the  interpretation  of  the  sound 
vertex  interaction  process. 

As  a numerical  example,  we  ch>  se 
simple  problem  of  a plane  sound  wave  im- 
pinging on  a two-dimensional  jet  see  rig. 

For  the  purpose  of  illustration,  we  'r.ly 
consider  the  Bernoulli  source  and  scatt--  : > ■: 
sound  field  renerated  by  the  first  ‘er 
the  right-hand  side  of  (4.8);  i.e.,  th<' 
interaction  of  the  vertical  sund  velocity 
component  with  the  mean  shear.  Le* 


(4.12) 
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In  the  absence  of  a shear  flow,  the 
Incident  sound  field  (assumed  to  be  given) 

Is  governed  by  the  homogenous  form  of  (4.7) 
and  the  pressure  is  given  by  the  first  term 
in  (4.10).  The  Bernoulli  enthalpy  defect 
and  the  stream  function  are  identically 
zero.  If  the  shear  flow  is  suddenly 
"turned  on"  we  Interpret  the  right-hand 
side  of  (4.8)  and  (4.9)  as  interactive 
source  terms  for  ip  and  . The  last 
equation  shows  how  the  sound  field  generates 
a perturbation  ip  field  that,  in  turn, 
generates  a Bernoulli  field  via  (4.8). 

In  addition,  the  sound  field  generates 
Bernoulli  enthalpy  directly  via  the  first 
and  last  terms  in  (4.8).  For  strong  shear 
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where  $s  Is  the  scattered  sound  field,  and 

r e ~ 5 5 ^ ls  the  incident  ^iel  . We  calcu- 

late induced  by  the  incident  fie'  i. 
Substitute  the  inci  lent  part  •.  to- 
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vanish  at  the  two  edges  of  the  jet.  We 
relax  this  condition  slightly  because  we 
later  consider  a Gaussian  velocity  profile. 
Therefore,  we  solve  (4.15)  with  the  Green's 
function  that  decays  exponentially  on  the 
scale  of  the  incident  wave  number  k out- 
side the  jet.  After  a single  integration 
by  parts,  the  final  result  for  the  Bernoulli 
enthalpy  profile  becomes, 

00 
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In  Fig,  4,  the  normalize::  Ben  . Li 
enthalpy  pr  file  (4.19)  is  plotted  for  a 

p 2 i /'i 

total  normalised  'wave  number  (< ‘ +1  )‘  ‘ 

= 1 at  md  60  angles  of  incidence  6 . 

The  wave  length  Is  the  half-wi  itl  f 'he 
jet . : part  the  ft  profile 

ill  le,  while  the  imaginary  part  is  basi- 
cally a nonopole  with  a relatively  flat 
distribution  over  the  central  part  of  the 
Jet  pi  file . n ill  is  the  Jominant 
part  of  the  source  at  low  angles  of  inci- 
dence, while*  the  monopole  becomes  dominant 
at  large!  tnci  iei  ■ angles.  We  re  n arl  , 
howe'er,  that  tnere  is  r.o  interactive 
source  of  the  type  we  have  used  as  ar.  ex- 
ample for  either  zero  or  90-degree  incidence. 


Now  consider  the  Gaussian  profile 

U(y ) = uce_(y/6  r (4.17) 

where  u0  is  the  centerline  jet  velocity. 
The  half-profile  and  its  first  derivative 
are  plotted  in  Fig.  3-  Also,  we  define  th 
normalized  variables 

k = k<5  , X = 


V.  Concluding  Remarks 

A new  and  completely  general  formu- 
lation of  the  theory  of  sound  in  a turbulent 
gas  has  been  presented.  We  have  introduced 
the  essential  new  concept  of  Bernoulli  en- 
thalpy. It  appears  to  be  the  missing  link 
between  the  complicated  motion  of  a turbu- 
lent flow  and  the  radiative  acoustic  field. 
The  principal  conclusions  of  our  study  are 
summarized  below. 


z = y/6 


(4.18) 


Then,  the  normalized  Bernoulli  enthalpy 
profile  becomes 
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where 


erfc  (z)  = — / 
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dt  ( ’! . 20  ) 


is  the  complementary  error  function.  N te 
that  the  source  amplitude  is  linearly  pro- 
portional to  u and  4 . 
o 


If  we  Ignore  the  (admittedly  important) 
refractive  effects  in  the  wave  equation 
(4.7),  we  can  write  down  at  once  the 
formula  for  the  transmitted  and  reflected 
waves.  We  have 
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1 . Sound  in  a turbulent  ras  b< 

characterized  by  two  scalar  fields:  (1)  the 
velocity  potential  0 , ar.d  (2)  tne 
Bernoulli  enthalj  y 4/  . T1  ■ isti  i 

radiative  near  and  far  field  is  completely 
characterize  1 t y : . Beri  ill!  < n- 

thalpy  is  variable  only  ir.  the  relational 
turbulent  region  and  is  the  sole  source  of 
the  radiative  field.  The  near-fic-ld  sound 
pressure  is,  in  general,  a n lin< 
function  of  the  acoustic  ar.d  Bernoulli 

fiel  Is.  The  far-fleld  pressure  depends  only 
on  the  radiative  0 field. 

2.  The  acoustic  part  of  the  sound  fiel 
(near  and  far)  depends  only  on  the  i r- 
rotatlonal  component  of  thi  v<  . city  fi< 

3.  The  principal  source  of  Bernoulli  en- 
thalpy in  a low-speed  turbulent  flow  that  is 
not  highly  curved  is  the  classic  Lighthill 
quadrupole.  In  addition,  when  the  mean 
tential  flow  is  highly  curved  or  cor.pressi- 
bl<  , there  are  rot  at i onal-i rrotat icnal 
interaction  sources.  In  particular,  there 
is  a dipole  term  that  is  believed  to  be  '.he 
dominant  source  of  sound  in  the  turbulent 
flow  around  corners  and  si  arj  lg(  . . 

the  entropy  source  that  is  important  in  hot 
turbulent  jets  is  a dipole  that  separates 
linearly  from  the  kinematic  sources  in  the 
present  formulation. 

Then  ' i u ' bet*  ei  th< 

• w - f i e Id  repres  en t 1 1 i " »nd  li  1 
present  work  with  the  ":  seud  o :r.d"  formu- 
lation : I ■ . . ■ 't 

fi<  11:  kin  t Rlbner's  pseud 

field.  The  separat Ion  f the  1 
and  derivation  of  their  governing  equations 
is  much  more  direct  with  ‘he  rresen' 
at  proach . 
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5.  The  familiar  problem  of  two-dimensional  *) . 
sound  interacting  with  a parallel  shear 

flow  is  formulated  in  terms  of  the  $ and 
41  fields  and  a stream  function  to  charac- 
terize the  perturbation  vorticity.  Radi- 
ative sound  interacting  with  the  mean  flow 
shear  and  curvature  produces  perturbation 
vorticity  and  a resultant  Bernoulli  field.  5. 
The  vertical  component  of  the  sound  field 
also  interacts  with  the  mean  shear  directly 
to  produce  a Bernoulli  field.  Also,  the 
compressibility  of  the  sound  field  is  ampli- 
fied by  the  shear  defect  velocity  but,  in 
general,  the  source  will  be  weaker  than 
either  of  those  due  to  mean  shear.  6. 

6.  Numerical  results  are  presented  for  the 

case  of  a plane  sound  wave  impinging  on  a 
two-dimensional  Gaussian  jet.  The  7. 

Bernoulli  enthalpy  profile  has  the  appear- 
ance of  a dipole  at  low  angles  of  incidence 
and  a nonopole  at  large  angles. 

7.  The  theory  we  have  developed  is  not 
restricted  to  the  study  of  acoustics.  The 
<J>  field  describes  the  steady  as  well  as 

the  nonsteady  potential  flow.  Thus,  the  9. 

general  theory  can  be  used  to  study  a 
variety  of  potential  vorticity  interaction 
problems.  It  is  hoped  that  specific  re- 
sults in  this  direction  can  be  presented  in 
the  near  future.  10. 


Epilogue 

We  have  often  heard  the  remark  that 
"one  cannot  understand  fluid  mechanics  with- 
out a working  knowledge  of  the  concept  of 
vorticity."  In  conclusion,  we  offer  the 
paraphrase,  "One  cannot  understand  the  theory 
of  sound  in  a rotational  medium  without  a 
working  knowledge  of  the  concept  of 
Bernoulli  enthalpy." 


Acknowledgements 

This  work  was  sponsored  in  part  by  the 
Air  Force  Office  of  Scientific  Research 
under  Contract  No.  F*)*)620-75-C-0010 . 

The  authors  wish  to  thank  their 
colleagues  at  A.R.A.P.  for  many  helpful 
discussions  and  criticisms  during  the 
course  of  this  work.  In  particular,  the 
encouragement  by  and  Interaction  with  our 
colleague.  Dr.  Coleman  duP.  Donaldson,  is 
most  gratefully  acknowledged. 


References 


12. 


13. 


1*). 


1.  Lighthill,  M.J.,  "On  Sound  Generated 
Aerodynamically  I.  General  Theory,"  16. 
Proc  . Roy  Soc  . , A,  211 , 5 6 it  — 5 3 7 (19521. 

2.  Lighthill,  M.J.,  "On  Sound  Generated 
Aerodynamically  II.  Turbulence  as  a 
Source  of  Sound,"  Proc.  Roy.Soc.,  , 

222,  1-32  (195*0. 

3.  Lighthill,  M.J.,  The  Bakerian  Lectur-, 

I . I Jenerated  Aei  iyi  ml 

Proc.  Roy.Soc,,  A,  26  7 , l : 19* 


Ribner,  H.S.  , "The  Generation  of  Sound 
by  Turbulent  Jets,"  in  Advances  in 
Applied  Mechanics  (H.L.  Dry den  and  Th. 
von  Karman , eds.,  Acad.  Press,  196*)), 
pp.  103-182.  (Several  earlier  papers  by 
Ribner  are  referenced  in  this  work.) 

Lilley,  G.M.,  Morris,  P.J.,  and  Tester, 
B.J.,  "On  the  Theory  of  Jet  Noise  and 
its  Applications,"  in  AFAPL-TR-7*)-2*). 

The  Generation  and  Radiation  of  Super- 
sonic Jet  Exhaust  Noise  (Harry  E. 
Plumblee,  Jr.,  ed.,  197*0,  pp.  37—5 1 - 

Curie,  S.N.,  "The  Influence  of  Solid 
Boundaries  on  Aerodynamic  Sound,"  Proc. 
Roy.  Soc.,  A,  231,  p.  505-51*)  (1955). 

Ffowcs  Williams , J.E.,  "The  Noise  of 

Turbulence  at  High  Speed,"  Fhil.  Trar.s . 
Roy.  Soc.,  A,  255,  pp.  *09-503  (1963). 

Lighthill,  H.J.,  "Jet  Noise,"  The  Wright 
Brothers  Lecture  of  1962,  AIAA  J.,  7_, 
pp.  1507-1517  (1963). 

Crow,  S.C.,  "Aerodynamic  Sound  Emission 
as  a Singular  Perturbation  Problem," 
Studies  in  Applied  Mathematics,  *11 , 1^ 
pp.  21-*)*'  (1970). 

Doak,  P.E.,  "The  Momentum  Potential 
Field  Description  of  Fluctuating  Fluid 
Motion  as  a Basis  for  a Unified  Theory 
of  Internally  Generated  Sound,"  in 
AFAPL-TR-7*)-  ^*) . The  Generation  and 
Radiation  of  Supersonic  Jet  Exhaust 
Noise  (Harrv  E.  Plumblee,  Jr.,  ed . , 

197*0  . 

Phillips,  O.M.,  "On  the  Generation  of 
Sound  by  Supersonic  Turbulent  Shear 
Layers,"  J.  Fluid  Mech.,  < , op.  l-2f 
(I960). 

Landahl , M.T. , "A  Wave  Guide  Model  of 
Turbulent  Shear  Flow-,"  J.  Fluid  Mech., 
29,  pp.  1) *)  1— *459  ( 1 9 f ~ ' . 

Chu,  B.  and  Kovasr.r.ay , L.S.G.,  "Non- 
Linear  Interactions  in  a '.’iscous  Heat- 
Conducting  Compressible  >as,"  Lui  1 
Mech.,  3,  pp.  ;j9*)-r'l*)  (19r--r  ). 

Liepmanr.,  H.W.,  Quote!  as  Ref.  2 of 
w ’sj  pel  Ref.  I 

Landau,  L.D.  and  Lifshitz,  !.,  The 
Classical  Theory  f ■ iel  if  , Adciisor.- 
Wesley  ( 1 5 1 ' , p.  i-t 

risenk  , . 1 . 1 iraj  v , I . : . , 

Vector  ar.  1 Tensor  Analysis  w 1 1 h 
Apr  1 1 . Trent  ! -'-Hall  H - 

P-  22  3 

nalds  - , 1 . : . ; . , "Atn  spi 

Turbulence  and  the  Dispersal  of  Atr.os- 

itants , - 1 . - - 

....  pot  • ' ■ y t 1973* 


symmetric  Wakes,"  AIAA  J.  , 12 , 
pp.  620-625  (197*0. 


19.  Varma,  A.K.,  Beddlni , R.A.,  Sullivan, 
R.D.,  Donaldson,  C.  duP.  , "Application 
of  an  Invariant  Second-Order  Closure 
Model  to  Compressible  Turbulent  Shear 
Layers,"  AIAA  Paper  No.  74-592, 
presented  at  the  AIAA  7th  Fluid  and 
Plasma  Dynamics  Conference,  Palo  Alto, 
Calif.,  June  17-19  (1974). 


Hj  Homentropic 

Irrototional  Flow 


Fig.  4 Normalized  Bernoulli  enthalpy 

profile  (plane  sound  on  a plane 
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Fig.  2 Plane  sound  wave  scattering  from 
a plane  Jet 
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